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ABSTRACT 
By u t i l i z i n g  r e s u l t s  of Hamiltonian theory  and t h e  von Zeipe l  
method f o r  t r e a t i n g  a r t i f i c i a l  s a t e l l i t e  o r b i t s ,  e r r o r  bounds a r e  de r ived  
f o r  a gene ra l  c l a s s  of o r b i t s  with e c c e n t r i c i t y  less than  one. I n  o r d e r  
t o  ex tend  t h e  e r r o r  bounds f o r  the  gene ra l  axisymmetric problem t o  t i m e  
i n t e r v a l s  of t h e  o r d e r  
t o  c a l i b r a t e  t h e  governing d i f f e r e n t i a l  equa t ions  for t h e  r a p i d l y  r o t a t i n g  
1/J2, the  known i n t e g r a l  of energy is  u t i l i z e d  
phase.  The non-singular  r a p i d  phase i n  t h i s  a n a l y s i s  i s  taken t o  be t h e  
sum of t h e  mean anomaly, argument of p e r i a p s i s  and t h e  r i g h t  ascens ion  of 
t h e  ascending  node. A corresponding a n a l y s i s  f o r  t h e  genera l  asymmetric 
problem ( inc lud ing  t h e  t e s s e r a l  harmonics) i s  a l s o  given. From t h e  
gene ra l  e r r o r  a n a l y s i s  an algori thm i s  de r ived  f o r  t h e  computation of 
t h e  c o r r e c t  i n i t i a l  c o n d i t i o n s  c o n s i s t e n t  wi th  t h e  expected accuracy 
of t h e  theory .  Numerical r e s u l t s  v e r i f y i n g  t h e  conclus ions  of t h e  theory  
p resen ted  i n  t h i s  p a p e r  a r e  a l s o  given.  
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I .  INTRODUCTION 
The a n a l y t i c a l  theory of a r t i f i c i a l  s a t e l l i t e  motion has  been t h e  
s u b j e c t  of very  i n t e n s i v e  s tudy s i n c e  t h e  launching  of t h e  f i r s t  
a r t i f i c i a l  s a t e l l i t e  i n  1957. I n  f a c t ,  many a s p e c t s  of t h e  problem 
had been s t u d i e d  b e f o r e  t h a t  time i n  connect ion wi th  t h e  t h e o r i e s  of 
c e l e s t i a l  mechanics. The r e s u l t  of t h e  s tudy  has  been a very e x t e n s i v e  
l i s t  of papers  o f f e r i n g  s o l u t i o n s  of many d i f f e r i n g  forms and techniques 
of achiev ing  them. However, with t h e  except ion  of t h e  work of Kyner 
(Ref. 11, no o t h e r  s o l u t i o n  is  known to t h e  a u t h o r s  t h a t  o f f e r s  r i g o r o u s  
e r r o r  bounds on t h e  p o s i t i o n  and v e l o c i t y  f o r  a g e n e r a l  c l a s s  of o r b i t s ,  
e.g. ,  i n c l i n e d  o r b i t s  of any e c c e n t r i c i t y  less t h a n  one. N a t u r a l l y ,  t h e  
o r b i t s  a t  c r i t i c a l  i n c l i n a t i o n  and o r b i t s  i n  resonance wi th  t h e  t e s s e r a l  
harmonics must b e  excepted from t h e  genera l  c l a s s .  I t  is then  a m a t t e r  
of genera l  i n t e r e s t  to d e r i v e  such error bounds. 
From a fundamental  point  of view, t h e  problem of a r t i f i c i a l  s a t e l -  
l i t e  motion can be  c l a s s i f i e d  a s  a s p e c i a l  c a s e  of a genera l  c l a s s  of 
non-l inear  o s c i l l a t i o n  problems. Non-linear o s c i l l a t i o n  problems can 
be  t r e a t e d  w i t h  vary ing  degrees  of success  by t h e  genera l  averaging 
methods developed by Krylov, Bogoliubov and M i t r o p o l s k i i  ( i .e. ,  Ref. 2 ) .  
F o r  t h e s e  methods of averaging t h e r e  e x i s t s  a n  a s s o c i a t e d  technique f o r  
e s t a b l i s h i n g  bounds on t h e  e r r o r  build-up i n  a s p e c i f i e d  time between t h e  
exact and t h e  approximate s o l u t i o n s  ( f i r s t  o r d e r  o r  h i g h e r  o r d e r ) .  Now, 
t h e  method of a p p l i c a t i o n  of t h e  technique of averaging  to  t h e  problem 
of a r t i f i c i a l  s a t e l l i t e  motion depends r a t h e r  h e a v i l y  on t h e  p a r t i c u l a r  
c h o i c e  of v a r i a b l e s  employed. 
could b e  a p p l i e d  d i r e c t l y ;  i n  most o t h e r  approaches to  t h e  problem t h e  
I n  t h e  c a s e  of Ky'ner's work, averaging 
1 
u s e  of averaging i s  more or less d i s q u i s e d .  
One of t h e  most widely used p e r t u r b a t i o n  methods i n  t r e a t i n g  
a r t i f i c i a l  s a t e l l i t e  o r b i t s  has  been t h e  method of von Z e i p e l  a s  adopted 
by  Brouwer (Ref. 3)  and Kozai ( R e f .  4 ) .  T h i s  method i s  one  of s u c c e s s i v e  
canonica l  t ransformat ions  and i s  n e c e s s a r i l y  c a r r i e d  o u t  i n  t h e  v a r i a b l e s  
of Delaunay (L ,G,H,J ,g ,h) .  With a s l i g h t  change of v a r i a b l e s  and a 
choice  of a d i f f e r e n t  in te rmediary  o r b i t ,  t h e  same method was a p p l i e d  
by Garf inke l  (Refs.  5 , 6 ) .  Furthermore,  i t  has  been shown (Refs.. 7 , 8 )  
t h a t  t h e  von Z e i p e l  method of canonica l  t ransformat ions  i s  a p a r t i c u l a r  
form of t h e  method of averaging.  Hence, by drawing on t h e  equiva lence  
t o  averaging ,  r i g o r o u s  e r r o r  bounds could b e  e s t a b l i s h e d  f o r  t h e  
Delaunay v a r i a b l e s  d i r e c t l y .  Unfor tuna te ly ,  bounds o b t a i n a b l e  i n  t h i s  
way f o r  t h e  Delaunay v a r i a b l e s  .?, and g a r e  u n s a t i s f a c t o r y  f o r  very 
smal l  e c c e n t r i c i t y  ( i . e . ,  e '  < J2 where J2 i s  t h e  o b l a t e n e s s  
parameter of O(10 > )  due to  a s i n g u l a r i t y  a t  z e r o  e c c e n t r i c i t y  i n  t h e  
s h o r t  per iod  terms. A f u r t h e r  drawback i s  t h e  s i n g u l a r i t y  a t  z e r o  
i n c l i n a t i o n .  S i n c e  no s i n g u l a r i t i e s  e x i s t  i n  t h e  c o o r d i n a t e s  f o r  z e r o  
e c c e n t r i c i t y  and/or i n c l i n a t i o n ,  one would expec t  t h a t  t h e s e  o b j e c t i o n s  
t o  t h e  bounds would n o t  e x i s t  f o r  a s u i t a b l e  c h o i c e  of v a r i a b l e s .  The 
error bounds der ived  by such d i r e c t  a p p l i c a t i o n  of d i f f e r e n t i a l  equat ion  
theory  t u r n  o u t  t o  be  u n s a t i s f a c t o r y  f o r  l a r g e  t i m e  i n t e r v a l s  i .e . , t ime 
i n t e r v a l s  of t h e  o r d e r  
apply ing  closed-form o r b i t  t h e o r i e s  i s  o r b i t  p r e d i c t i o n  o v e r  long  Periods 
of time, t h e  e r r o r  theory  must be modified.  The m o d i f i c a t i o n  1s a more 
involved problem and a s e p a r a t e  t r e a t m e n t  i s  p r e s e n t e d  here .  
-3 
1/J2 . S i n c e  one of t h e  problems of i n t e r e s t  i n  
In  t h i s  report ,  t h e  p rob lem is ana lyzed  i n  c a n o n i c a l  v a r i a b l e s ;  
2 
. 
t h e  t h r e e  sets of i n t e r e s t  a r e  t h o s e  due t o  Delaunay, H i l l  and Poincare: 
Of t h e s e  v a r i a b l e s ,  t h e  Poincare s e t  i s  non-singular f o r  bo th  z e r o  
e c c e n t r i c i t y  and i n c l i n a t i o n ,  t h e  H i l l  s e t  s i n g u l a r  f o r  z e r o  i n c l i n a t i o n  
and t h e  Delaunay s e t  s i n g u l a r  f o r  bo th  z e r o  i n c l i n a t i o n  and e c c e n t r i c i t y .  
The advantages of t h e  H i l l  s e t  a r e  t h e  s i m p l e  forms of t h e  in-plane 
c o o r d i n a t e  p e r t u r b a t i o n s  which a r e  ob ta ined  d i r e c t l y  from known 
g e n e r a t i n g  f u n c t i o n s .  I t  was shown by I z sak  (Ref. 9) t h a t ,  t o  f i r s t  
o r d e r  i n  t h e  o b l a t e n e s s  c o e f f i c i e n t  J2, t h e  in-p lane  p o s i t i o n  and 
v e l o c i t y  components of a s a t e l l i t e  a r e  o b t a i n a b l e  by conve r t ing  v i a  
Kepler ian  formulae  from Brouwer's averaged Delaunay v a r i a b l e s  ( L ' , G ' , H ' ,  
R'  , g' ) 
superimposing t h e  shor t -per iod  f l u c t u a t i o n s .  These shor t -per iod  f l u c t u -  
a t i o n s  were shown to  be o b t a i n a b l e  by r e w r i t i n g  Brouwer's shor t -per iod  
g e n e r a t i n g  f u n c t i o n  S1 
a p p r o p r i a t e  p a r t i a l  d e r i v a t i v e s .  These shor t -per iod  f l u c t u a t i o n s  a r e  
well-behaved ( u n l i k e  those  i n  J , g )  when e c c e n t r i c i t y  goes t o  ze ro .  
Recent i n v e s t i g a t i o n s  by Vagners (Ref. 10) have obta ined  i n  t h e  same 
manner f i r s t  o r d e r  long-period f l u c t u a t i o n s  i n  t h e  H i l l  v a r i a b l e s  b)  
r e w r i t i n g  Brouwer' s long-period g e n e r a t i n g  f u n c t i o n  S: r e l a t i n g  G ' ' ,  
H",~",g",h") t o  ( L ' , G ' , H ' , J ' , g ' , h ' ) ,  i n c l u d i n g  gene ra l  formulas for 
t h e  e f f e c t s  of any zonal  harmonic. Analogous medium-period" ( i . e . ,  
d a i l y )  f l u c t u a t i o n s  i n  t h e  Hill v a r i a b l e s  were obta ined  i n  a gene ra l  
form f o r  t h e  e f f e c t s  of t h e  t e s s e r a l  and s e c t o r i a l  harmonics. S ince  t h e  
a n a l y s i s  g iven  by Vagners was a p p l i c a b l e  t o  any se t  of canonica l  v a r i a b l e s ,  
t hen  s i m i l a r  r e s u l t s  could r e a d i l y  be ob ta ined  f o r  t h e  Poincare  v a r i a b l e s .  
/ 
t o  cor responding  "averaged" p o s i t i o n  and v e l o c i t y  and then 
i n  terms of t h e  H i l l  v a r i a b l e s  and t a k i n g  
f t  
/ 
U t i l i z i n g  t h e  r e s u l t s  of I z sak  and Vagners, an a n a l y s i s  is c a r r i e d  
3 
o u t  i n  t h i s  r e p o r t  which p a r a l l e l s  every canonica l  t r an fo rma t ion  of 
t h e  Delaunay v a r i a b l e s  by an a p p r o p r i a t e  canonica l  t r ans fo rma t ion  of 
some g e n e r a l  set of canonica l  v a r i a b l e s  i n c l u d i n g  t h e  removal of second 
o r d e r  shor t -per iod  terms from t h e  Hamiltonian. In  t h i s  way, r i go rous  
e r r o r  bounds on t h e  f i r s t - o r d e r  s o l u t i o n  a r e  e s t a b l i s h e d  which a r e  
independent of t h e  e c c e n t r i c i t y  for H i l l  v a r i a b l e s  and independent of 
e c c e n t r i c i t y  and i n c l i n a t i o n  f o r  t h e  Poincare  v a r i a b l e s  ( a s  long  a s  e 
i s  n o t  t oo  c l o s e  t o  one).  A s  i s  shown, t h e s e  bounds are  u n s a t i s f a c t o r y  
f o r  long  t ime i n t e r v a l s  and ano the r  method is  o f f e r e d .  
/ 
A d i s c u s s i o n  is  presented  of t h e  v a r i o u s  terms a r i s i n g  i n  t h e  e r r o r  
bound. P a r t i c u l a r  a t t e n t i o n  is  focused  on t h e  q u e s t i o n  of i n i t i a l  
c o n d i t i o n  e r r o r s ;  t h i s  q u e s t i o n  is  of i n t e r e s t  when computing by means 
of a 
given i n i t i a l  p o s i t i o n  and v e l o c i t y  v e c t o r s .  In  view of t h e  e x t e n s i v e  
comparison s t u d i e s  of d i f f e r e n t  o r b i t  t h e o r i e s  conducted by Arsenau l t ,  
Enr ight  and P u r c e l l  (Ref. ll), wherein t h e  problem of i n i t i a l i z a t i o n  
p l a y s  such an impor tan t  r o l e ,  t h i s  q u e s t i o n  assumes c o n s i d e r a b l e  
importance. An energy method i s  then  g iven  f o r  g r e a t l y  d e c r e a s i n g  t h e  
primary in - t r ack  p o s i t i o n  e r r o r  build-up due t o  i n i t i a l  c o n d i t i o n s  and 
some t y p i c a l  r e s u l t s  a r e  quoted. The a lgo r i thm of computing' t h e  Correc t  
i n i t i a l  cond i t ions  a r i s e s  d i r e c t l y  from t h e  extended e r r o r  bound theory .  
The au tho r s  wish t o  acknowledge t h e  c o n t r i b u t i o n  of Small (Ref  12) 
1 1  closed-form" s a t e l l i t e  theory  a s a t e l l i t e ' s  ephemeris from some 
who f i r s t  u t i l i z e d  the  energy method i n  r educ ing  i n i t i a l i z a t i o n  e r r o r s  
i n  h i s  s o l u t i o n  t o  t h e  problem of s a t e l l i t e  motion about  an o b l a t e  P l a n e t -  
4 
11. GENERAL BOUNDS ON SATELLITE MOTION 
Before  proceeding t o  more s p e c i f i c  t rea tment  of t h e  e r r o r  problem, 
some genera l  s t a t emen t s  concerning t h e  a p r i o r i  bounds on t h e  motion may 
be  made. F i r s t ,  one can cons ider  t h e  motion of a sa te l l i t e  i n  a genera l  
axi-symmetric g r a v i t a t i o n a l  f i e l d  f o r  which t w o  i n t e g r a l s  of t h e  motion 
a r e  known. I f  t h e  p o t e n t i a l  f i e l d  i s  rep resen ted  by 
r m 
where f3 is  t h e  l a t i t u d e ,  Re t h e  e q u a t o r i a l  r a d i u s ,  p t h e  g rav i t a -  
t i o n a l  c o n s t a n t ,  r t h e  r a d i u s  and JN numerical c o e f f i c i e n t s ,  then 
i t  can r e a d i l y  be shown t h a t  t h e  t o t a l  energy and t h e  p o l a r  component 
of t h e  angular  momentum are cons tan t s  of t h e  motion. The t w o  exac t  
i n t e g r a l s  may be w r i t t e n  i n  t h e  form 
2 and H = Aa(1 - $) cos i = k 
(11-2) 
(11-3) 
where a i s  t h e  semi-major a x i s  of t h e  o r b i t ,  e t h e  e c c e n t r i c i t y ,  i 
t h e  o r b i t a l  i n c l i n a t i o n  and kl k2 a r e  cons t an t s .  
The two i n t e g r a l s  (11-2) and (11-3) imply  t h a t  i f  kl and k2 
are given,  then t h e  motion of t h e  s a t e l l i t e  is confined t o  a reg ion  
bounded by a "zero ve loc i ty"  s u r f a c e  (Ref. 13). With i n i t i a l  condi t ions  
s p e c i f y i n g  kl and k2 one can w r i t e  t h e  a p r i o r i  bounds i n  t h e  form 
n 2 
where E = J kl  > 0 ,  k2 > 0 and JN/J2 a r e  assumed va lues  of O(1). 2 '  
5 
. 
General bounds of t h i s  t y p e  are  developed by P o r i t s k y  (Ref. 14) and 
g iven  f o r  E = 0 by Kyner (Ref, 1 ) .  Here t h e  e x p l i c i t  forms of 
and 62 a r e  not  of d i r e c t  i n t e r e s t .  
&1 
In  t h e  more gene ra l  problem of a l o n g i t u d e  dependent p o t e n t i a l  one 
no longe r  has  t h e  two i n t e g r a l s  (11-2) and (11-3).  Such a p o t e n t i a l  
arises when one inc ludes  t h e  t e s s e r a l  harmonics of t h e  E a r t h ' s  f i e l d  i n  
t h e  gene ra l  s a t e l l i t e  problem. However, by c o n s i d e r i n g  a r o t a t i n g  coor- 
d i n a t e  sys t em f i x e d  i n  t h e  primary, one can r e a d i l y  de te rmine  t h e  J a c o b i  
i n t e g r a l  of t h e  sys tem.  In  t h i s  c a s e  one s p e c i f i e s  on ly  t h e  upper bound 
by t h e  ze ro -ve loc i ty  su r f  ace .  
One assumes then t h a t  a p r i o r i  bounds on t h e  s t a t e  v e c t o r  x a r e  
known, namely, i f  t h e  i n i t i a l  s t a t e  v e c t o r  x ( 0 )  is  i n  a s e t  D, then 
where t h e  s o l u t i o n  depends on a smal l  parameter E . Since  f o r  near- 
e a r t h  s a t e l l i t e s  one is  concerned wi th  e l l i p t i c a l  o r b i t s ,  t h e  set  D 
w i l l  be s p e c i f i e d  by t h e  requirement of n e g a t i v e  energy and a non-zero 
i n i t i a l  v a l u e  of t h e  angu la r  momentum. If t h e  s t a t e  v e c t o r  chosen f o r  
t h e  d e s c r i p t i o n  of t h e  motion i s  some canon ica l  s e t  ( q , p ) ,  then  t h e  
equa t ions  of motion t a k e  t h e  form 
where x is  t h e  Hamiltonian of t h e  problem 
(11-6) 
@ 0 = (-; I) t h e  canon ica l  m a t r i x  0 
- denotes  t h e  p a r t i a l s  of x w i t h  respect t o  x 
X 
and t h e  supe r  t i l d a  denotes  t h e  t r a n s p o s e  of t h e  
vec to r  x . 
, 
6 
. 
Then, s i n c e  x- 
local ly  i n  x i n  some bounded r eg ion  ( then)  a s o l u t i o n  f o r  a l l  t 
e x i s t s  as a consequence of (11-5). 
is  continuous and satisfies a L ipsch i t z  cond i t ion  
X 
Note t h a t  i m p l i c i t  i n  (11-5) is  a l s o  a r e s t r i c t i o n  on how c l o s e  t h e  
energy and t h e  angu la r  momentum may be t o  zero. For  t h e  genera l  bounds 
t o  hold ,  these i n i t i a l  va lues  must be s u f f i c i e n t l y  d i f f e r e n t  from z e r o  
so t h a t  t he  p e r t u r b a t i o n s ,  of order E i n  t h e  s a t e l l i t e  problem, do 
not  cause  t h e  s t a t e  v e c t o r  x t o  become a r b i t r a r i l y  l a r g e .  
c 
7 
. 
111. THF: SECOND-ORDER HAMILTONIAN 
Inhe ren t  i n  a s p e c i f i c  d i s c u s s i o n  of e r r o r  bounds is  a knowledge of 
t h e  c h a r a c t e r i s t i c s  of t h e  a n a l y t i c a l  method used i n  t h e  fundamental 
s o l u t i o n  and a knowledge of t h e  behavior  of va r ious  f u n c t i o n s  a r i s i n g  
t h e r e i n .  . The method u t i l i z e d  i n  t h e  fo l lowing  ana lys i s  i s  t h e  von Z e i p e l  
method and the  sys t em ana lyzed  i s  a Hamiltonian sys tem.  For a b r i e f  
review of t h e  von Z e i p e l  procedure,  t h e  r e a d e r  i s  r e f e r r e d  t o  Ref. 10; 
t h e  s p e c i f i c  d e t a i l s  of t h e  o r b i t  problem s o l u t i o n  may be found i n  
Refs. 3 and 4. 
I t  t u r n s  o u t  t o  be convenient  t o  i n t r o d u c e  t h e  t h r e e  sets of 
canonica l  v a r i a b l e s  due t o  Delaunay, H i l l  and P o i n c a r k .  
t h e  o r i g i n a l  s o l u t i o n  of Brouwer w a s  c a r r i e d  o u t  i n  Delaunay v a r i a b l e s . )  
These sets of v a r i a b l e s  a r e  de f ined  i n  t h e  f o l l o w i n g  manner: The 
(Reca l l  t h a t  
Delaunay v a r i a b l e s ,  denoted by y ,  a r e  g iven  as 
Y =  = - a -  
g 
h 
L 
G 
_ H ,  
(111-1) 
where a i s  t h e  mean anomaly 
g = w  t h e  argument of p e r i c e n t e r  
h = 0 t h e  r i g h t  a scens ion  of t h e  a scend ing  node 
. 
L = Jpa 
G = Jpa(1 - $1 
H = G cos i 
8 
Denoting t h e  H i l l  v a r i a b l e s  by z, one f i n d s  
- z -  
R 
G :I H 
where u t h e  c e n t r a l  ang le  or argument of l a t i t u d e  
R = t h e  r a d i a l  v e l o c i t y  
I 
And, f i n a l l y ,  t h e  Poincare  v a r i a b l e s ,  denoted by x, are 
= [:I = 
(111-2) 
(111-3) 
wi th  ~ = L ? + g + h  L = L  
1 1 
= [2(L - G ) ] "  COS (g  + h) 
= [2(G - H I ] "  cos h 
E l  = [2(L - G I ] '  s i n  (g  + h) (111-4) 
k 2  = [2(G - H I ] "  s i n  h 
71 
712 
1 1 
N o t e  t h a t  equat ions  (111-4) give  t h e  t r ans fo rma t ion  from Delaunay t o  
Poincare ' ,  and t h a t  no s i n g u l a r i t i e s  are  in t roduced  i n  t h i s  t ransformat ion .  
The i n v e r s e  t ransformat ion  i s  g iven  by  
L = L  -1 51 
71 
R = ~ - t a n  - 
c 
-1 52 
72 
h = t a n  - 
2 2 
2 
52 + 72 H = G -  
9 
I n  t h e  t ransformat ion  (111-51, t h e  equat ions  f o r  t h e  momenta L , G , H  
e x h i b i t  no s i n g u l a r i t i e s ,  whereas i n  t h e  c o o r d i n a t e s  J , g , h  s i n g u l a r i t i e s  
w i l l  a r i s e  f o r  z e r o  e c c e n t r i c i t y  (vl = 0) and f o r  z e r o  i n c l i n a t i o n  
(y2 = 0 ) .  
a n a l y s i s .  
This  f e a t u r e  of t h e  t ransformat ion  w i l l  b e  important  i n  l a t e r  
I f  one denotes  a genera l  canonica l  s e t  of v a r i a b l e s  by w ,  then 
t h e  equat ions  of motion t a k e  t h e  form (see Eq. (11-6)): 
(111-6) 
w i t h  a t h e  g e n e r a l i z e d  c o o r d i n a t e s  
f3 t h e  a s s o c i a t e d  momenta 
where f o r  t h e  a r t i f i c i a l  Ear th  s a t e l l i t e  problem t h e  Hamiltonian i s  
w r i t t e n  a s  
The o b l a t e n e s s  c o e f f i c i e n t  J2 h a s  been taken a s  t h e  small parameter E 
f o r  convenience. S ince  a l l  of t h e  h i g h e r  harmonics i n  t h e  expansion f o r  
t h e  E a r t h ' s  f i e l d  a r e  of a t  l e a s t  O(J ) ,  one can r e p r e s e n t  t h e i r  
c o n t r i b u t i o n  a s  an c2 term (Eq. (11-4)). 
2 
2 
Now, apply a s t a t i o n a r y  canonica l  t r a n s f o r m a t i o n  t o  d e f i n e  a new 
se t  of v a r i a b l e s  w ' :  
(2 1 2 (1 1 
P' B '  
(1) 
a = a' - E D- ( p ' , a >  - E D- ( p ' , a )  
(111-8) 
(2 1 2 p = p' + E D -  ( p ' , a )  j .  E D& ( @ ' , a )  a 
which h a s  been t r u n c a t e d  wi th  t h e  second o r d e r  terms. The D (i) a r e  t h e  
11 g e n e r a t i n g  funct ions ' '  of t h e  canonica l  t r a n s f o r m a t i o n .  The new 
10 
Hamiltonian i s  then 
A 
A l l  f u n c t i o n s  i n  Eq. (111-9) a r e  t o  be eva lua ted  a t  w ' .  Choose 
El") (a ,@')  and E)(') (a ,@')  so t h a t  X '  (w') con ta ins  no s h o r t  per iod 
t e r m s  except  i n  f ( w ' , E ) .  This requirement is  def ined  by 
(111-10) 3 a aa( [X'(W',E) - E f ( W ' , d l  = 0 
wi th  a' t h e  Delaunay v a r i a b l e  conjugate  t o  L' = L(w') . The Poisson 
b racke t  
[A,B] = Ap,B&' - A ,B- = A ' 0  B- a B' w o w' (111-11) 
i s  e a s i l y  shown to  be i n v a r i a n t  under a canonica l  t ransformat ion .  In  
p a r t i c u l a r  
11 
(I1 I- 12 1 
one chooses D(')(w') such t h a t  
(I 11- 13) 
T h i s  d e f i n e s  D(')(w') 
Delaunay v a r i a b l e s  o t h e r  than  a' . I t  is then  convenient  t o  choose 
uniquely up t o  an a d d i t i v e  f u n c t i o n  of t h e  
D(') t o  b e  i d e n t i c a l  wi th  Brouwer's S ( ' ) ( L '  , G '  ,H,R,g,--) expressed 
as  S ( ' ) ( a , @ ' ) .  Note t h a t  t h e  f u n c t i o n  S (1) i s  non-singular  f o r  zero 
e c c e n t r i c i t y  and/or i n c l i n a t i o n  and i s  a f u n c t i o n  (as Brouwer writes i t )  
of both L , G  e x p l i c i t l y  and i m p l i c i t l y  through e and f ,  t h e  t r u e  
anomaly. When computing t h e  r e q u i r e d  p a r t i a l  d e r i v a t i v e s  f o r  a and g 
s h o r t  per iod  v a r i a t i o n s ,  t h e  s i n g u l a r i t y  f o r  zero e c c e n t r i c i t y ,  f o r  
example, a r i s e s  i n  t h e  f o l l o w i n g  way 
dS(') 
+ ( - -  G'23)  as'" 
d e '  aL'= - expl  . e' L' d L '  
( I  11-1 4) 
e '  L '  d e '  
e x p l .  
A s  shown i n  Ref.  10, no - terms a r i s e  i n  t h e  c a s e  of t h e  H i l l  
v a r i a b l e s ;  however, z e r o  i n c l i n a t i o n  s i n g u l a r i t i e s  s t i l l  e x i s t .  That  
no s i n g u l a r i t i e s  occur  f o r  t h e  PoincarL 
demonstrated.  The argument i s  given f o r  t h e  v a r i a b l e  x ; s i m i l a r  
arguments apply t o  t h e  o t h e r  v a r i a b l e s .  The f u n c t i o n  S ('1 is given 
e x p l i c i t l y  as s ( l ) ( e '  , f '  , g '  , G '  , H I )  so s 
through e '  and f '  , According t o  t h e  von Z e i p e l  procedure t h e  f i r s t  
o r d e r  shor t -per iod  v a r i a t i o n s  Of a r e  g i v e n  by 
e'  
v a r i a b l e s  can r e a d i l y  be  
depends on L' a l s o  (1 1 
1 2  
1 
(111- 15) 
which then  can be w r i t t e n  a s  (dropping t h e  p r i m e s  f o r  convenience) 
wi th  
where 
(I1 I- 17a) 
(I 11-1 7b) 
The d e r i v a t i v e s  with respect t o  e and f e x p l i c i t l y  in t roduce  no 
s i n g u l a r i t i e s  and n e i t h e r  do t h e  l a s t  two t e r m s  of JZq .  (111-17a). Thus 
6hl is  well-behaved as  e(and i) + O  . 
Next, one can show t h a t  t h e  second o r d e r  long-per iod  LHamiltonian i s  
independent  of t h e  p a r t i c u l a r  canonica l  v a r i a b l e s  used and, fur thermore ,  
t h a t  t h e  second o r d e r  gene ra t ing  f u n c t i o n  k) 
z e r o  e c c e n t r i c i t y  and/or i n c l i n a t i o n .  Reca l l  t h a t  t h e  f u n c t i o n  D 
is chosen so a s  t o  cance l  a l l  second o r d e r  shor t -per iod  terms of t h e  
is non-singular for (2 1 
(2 1 
13 
Hamiltonian. I n  o r d e r  t o  o b t a i n  t h e  d e s i r e d  r e s u l t s ,  n o t e  t h a t  
is  an i n v a r i a n t  f o r  canon ica l  v a r i a b l e s .  Furthermore,  
and 
( I 11-19] 
(I 11-20 1 
a s  fo l lows  (where U,f3 a r e  understood t o  be t h e  p r i m e d  v a r i a b l e s )  
14 
t hen  a l s o  
(111-22) 
Thus it can be  seen  t h a t  Eq. (111-22) cance l s  t h e  l a s t  t w o  terms of 
Eq. (111-21). The second o rde r  p a r t  of t h e  Hamiltonian (111-9) 
consequent ly  i s  g iven  by 
, (I 11-2 3) 
2 (2) 
t h a t  depends on t h e  -5 L (1) (1) The only  t e r m  of Eq. (111-23) a p a r t  from 
p a r t i c u l a r  canon ica l  v a r i a b l e s  used is  - 2 (.Sa, Sg, ) , which is  
n e c e s s a r i l y  s h o r t  per iod ,  and D , of cour se ,  i s  chosen so t h a t  t h e  
1 3  
(2 1 
2 (2) 
term 5 De,  cance l s  a l l  shor t -per iod  terms. 
Ir 
From t h i s  i n v a r i a n c e  proper ty  of t h e  terms i n  Q. (111-23) one 
deduces t h a t  t h e  d i f f e r e n c e  between t h e  SSConc! o r d e r  gene ra t ing  
f u n c t i o n s  D(') of two d i f f e r e n t  sets of canonica l  v a r i a b l e s ,  such a s  
any a r b i t r a r y  s e t  w and t h e  Delaunay set y for example, w i l l  be  given 
15 
Equation (111-24) g i v e s  a convenient a lgo r i thm f o r  computing t h e  
g e n e r a t i n g  f u n c t i o n  W 
o r d e r  t o  assure t h a t  a l l  of t h e  f u n c t i o n s  a r i s i n g  i n  t h e  e r r o r  bound 
de termina t ion  remain bounded, one must e s t a b l i s h  t h a t  (2) c o n t a i n s  
no s i n g u l a r i t i e s .  Th i s  may be done u t i l i z i n g  t h e  known r e s u l t s  of 
Izsak  (Ref. 91, Brouwer (Ref. 3) and Kozai (Ref. 4 ) .  
f o r  any set  of canon ica l  v a r i a b l e s .  I n  (2 1 
In  Kozai's paper ,  t h e  expres s ion  given f o r  t h e  J: cotnponent of 
t h e  f u n c t i o n  S(') shows t h e  f a c t o r  l / e  f o r  t h e  t r i gonomet r i c  
arguments s i n  f ,  s i n  (f + 2g) ,  s i n  (3f + 2 g ) ,  s i n  (3f + 4g) and 
s i n  (5f + 4g).  The appearance of t h i s  f a c t o r  is unnecessary and a 
s u i t a b l e  rearrangement of terms e l i m i n a t e s  i t .  Such rearrangement 
w i l l  be shown e x p l i c i t l y  h e r e  for t h e  c o e f f i c i e n t  of s i n  f; t h e  o t h e r  
terms can be t r e a t e d  s i m i l a r l y .  The c o e f f i c i e n t  of s i n  f a s  given b y  
Kozai i s  (omi t t i ng  a nons ingu la r  m u l t i p l y i n g  f a c t o r ) :  
H 
G where 8 = - = cos  i 
Equation (111-25) can be r e w r i t t e n  a s  
o r  dropping the  e2 and e4 terms and combining: 
3 5 
2 2  4 ( 1 - 3 @ )  
[ 4 - 3 7  e 
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Now, t h i s  can  be r e w r i t t e n  a s  fo l lows :  
3 + 7 + 4q2 + 47 + 41 4 
2 5 
4 - 3 q  - 7  - u[ 7  
e e 
which remains bounded a s  e -10 . In  a s i m i l a r  manner 
expres s ions  g iven  by Kozai ( f o r  h i g h e r  o r d e r  harmonics 
(I 11-26) 
t h e  o t h e r  
J 1 may be N 
c o n t a i n s  no We f a c t o r s .  (2 1 r ea r r anged  and t h u s  i t  can be shown t h a t  S 
Of t h e  t e r m s  on t h e  right-hand s i d e  of Eq. (111-241, t h e  f i r s t  is 
known t o  be  bounded (111-17 a , b ) ,  t h e  second can be  shown to  b e  bounded 
by t h e  above t echn ique  of r ea r r ang ing .  
The (new) canon ica l  v a r i a b l e s  w' s a t i s f y  t h e  d i f f e r e n t i a l  
equa t ions  
(I 11-27] 
where one can w r i t e  t h e  Hamiltonian i n  t h e  form 
3 2 - 
X' (w' , E )  = - n + E x ( l ) ( w ' )  + E ~ K ( ~ ) ( w ' )  + E s ( w '  ,E) (111-28) 
2L' (w' 
an  a n a l y t i c  f u n c t i o n  of t h e  v a r i a b l e s  w'  and t h e  smal l  parameter E . 
11 Define  nex t  a t r ans fo rma t ion  ( canon ica l )  t o  t h e  secu la r "  v a r i a b l e s  
w" by t h e  t r u n c a t e d  express ions  
* 
a" = a' - E s-,,(B",a') 
f3" = p' + E SI. @",a') 
B 
a' 
* 
(I 11-29) 
1 7  
wheret S* is  chosen so a s  t o  cance l  t h e  long-period p a r t  of t h e  
* Hamiltonian (except  n e a r  c r i t i c a l  i n c l i n a t i o n ) .  Then Sgft  and S- 
U' 
g i v e  t h e  f i r s t  o r d e r  long-period v a r i a t i o n s  of a and B i . e . :  
(111-30) 
The governing d i f f e r e n t i a l  equat ions  f o r  w" become then  
and t h e  s o l u t i o n  can be  w r i t t e n  i n  t h e  form 
(111-31) 
where 
* a' = ut' - €SBll  (&a'> 
( I I I- 3 2 )  
I n  t h e  d e f i n i t i o n s  of what c o n s t i t u t e d  long-period and/or sho r t -pe r iod  
v a r i a t i o n s ,  t h e  Delaunay v a r i a b l e s  were used e x p l i c i t l y  (see E q s .  (111-30) 
and (111-10)). If t h e  von Ze ipe l  technique  i s  c a r r i e d  o u t  f o r  t h e  
Delaunay v a r i a b l e s ,  then  i t  is found t h a t  PI'( z p") a re  c o n s t a n t s ,  t h e  
secular ' '  Hamiltonian is  a f u n c t i o n  of P" on ly  and t h e  coord ina te s  1 1  
Q " ( z  a") have cons t an t  r a t e s .  I f  one i s  d e a l i n g  i n  any o t h e r  canonica l  
v a r i a b l e s ,  f o r  example t h e  Poincare  s e t  x ,  then  x'' a r e  de f ined  t o  be / 
t h e  same func t ions  of y" a s  x a r e  of y .  
The func t ion  S* can be  chosen t o  be  i d e n t i c a l  t o  Brouwer'S long-  
per iod  gene ra t ing  f u n c t i o n  cons idered  a s  a f u n c t i o n  of w (See R e f .  1 0 ) .  
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I n  t h i s  s e c t i o n  i t  has  been e s t a b l i s h e d  t h a t  t h e  g e n e r a t i n g  f u n c t i o n s  of 
1 '  
l -  
t r ans fo rma t ions  (111-8) and (111-29) and t h e i r  p a r t i a l  d e r i v a t i v e s  a r e  
bounded. Note t h a t  Eqs. (111-8) c o n s t i t u t e  t r anscenden ta l  equat ions  f o r  
w '  which may be w r i t t e n  i n  the  form 
a' = a + E @l(p',a) 
8' = p + E @,(B' ,a) 
(I 11-33) 
From t h e  gene ra l  bounds on w one has  
181 5 B (I I I- 34) 
The f u n c t i o n s  Ci(p ' ,a)  depend on t r igonomet r i c  f u n c t i o n s  of a . 
Suppose now t h a t  f3 is  bounded w i t h i n  some reg ion  R , and s p e c i f i c a l l y ,  
t h a t  8 is bounded away from t h e  boundary of R by a t  l e a s t  EA/~-EK.  
Where A and K a r e  de f ined  by 
Assume f u r t h e r  t h a t  EK < 1 ; t h i s  i n  e f f e c t  imposes a r e s t r i c t i o n  on 
how close t h e  energy and angular  momentum may be  t o  ze ro .  Now assume t h e  
fo l lowing  i t e r a t i v e  a lgor i thm f o r  computing t h e  primed v a r i a b l e s  8' : 
with  
then  - 5 EA 
19  
n- 1 
j =O 
n- 1 
j =O 
Taking t h e  l i m i t  
n- 1 
(I 11-38) 
(I 11-39] 
A s i m i l a r  argument can be  a p p l i e d  t o  t h e  long-period t ransformat ion  (III- 
29) t o  deduce t h a t  8" w i l l  remain ( s u f f i c i e n t l y )  c l o s e  t o  . A s  a 
consequence of t h e  above, one has  
A l s o ,  n o t e  t h a t  t h e  i t e r a t i v e  procedure converges,  i . e .  
. 
so  t h a t  a s  n 3 03 , - p;l 4 0  i f  EK < 1 . 
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I V .  ERROR BOUNDS FOR THE AXISYMMETRIC PROBLF,M 
. 
A l l  of t h e  informat ion  necessary  t o  d e r i v e  formal  e r r o r  bounds has  
been g iven  i n  S e c t i o n s  I1 and 111. One can proceed then  i n  a s t r a i g h t -  
forward manner t o  d e r i v e  t h e  bounds u t i l i z i n g  known theorems f r o m  t h e  
theory  of d i f f e r e n t i a l  equat ions.  However, i t  t u r n s  o u t  t h a t  because of 
t h e  n a t u r e  of t h e  d i f f e r e n t i a l  equa t ions ,  t h e  bounds o b t a i n a b l e  i n  t h i s  
manner prove t o  be  u n s a t i s f a c t o r y  f o r  t i m e  i n t e r v a l s  of t h e  o r d e r  of 
1 / ~  . T h i s  f a c t  is  a n a t u r a l  consequence of t h e  e x i s t e n c e  of a r a p i d l y  
r o t a t i n g  phase i n  t h e  governing s y s t e m  of d i f f e r e n t i a l  equa t ions ;  
however, s i n c e  on ly  one such phase appears  i n  t h e  c a s e  of s a t e l l i t e  motion, 
one can circumvent t h e  d i f f i c u l t y  by appea l ing  t o  a known i n t e g r a l  of t h e  
motion. I n  t h i s  s e c t i o n  t h e  convent iona l  method of e r r o r  a n a l y s i s  w i l l  
be presented  f i r s t  and then t h e  ex tens ion  t o  t h e  l a r g e  t i m e  i n t e r v a l s  
w i l l  be  g iven  f o r  t h e  problem wi th  an axisymmetric p o t e n t i a l .  
A.  BOUNDS FOR SMALL TIME INTERVALS 
I n  o r d e r  to  s i m p l i f y  t h e  fo l lowing  p r e s e n t a t i o n ,  some new n o t a t i o n  
w i l l  be  in t roduced  a t  t h i s  po in t .  I f  A and B denote  n-dimensional 
v e c t o r s  then  
component d i f f e r e n c e s  of A and B i .e . :  
IA-BI w i l l  denote  t h e  ma t r ix  of a b s o l u t e  va lues  of t h e  
n ]A-B] = (IV-1) 
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The governing d i f f e r e n t i a l  equat ions  f o r  t h e  "secular"  v a r i a b l e s  were 
given a s  (Eq. (111-31)) 
from which the  approximate s t a t e  v e c t o r  w" i s  def ined  by A 
( I V - 3 )  
w"(0) = w"(0) A 
For convenience,  Eqs. ( I V - 2 )  and ( I V - 3 )  can be  r e w r i t t e n  i n  t h e  form 
( I V - 4 )  
S i n c e  t h e  f u n c t i o n s  - ' X "  and - x" s a t i s f y  a L i p s c h i t z  
diG" a;:' 
A 
c o n d i t i o n  on t h e  domain of d e f i n i t i o n  of w ( t ) ,  i t  f o l l o w s  t h a t  
1 A ( w " , ~ )  - A(W;,E) 1 - -  < klw" - w i l  km" ( I V - 5 )  
where k i s  a n  n X n mat r ix  i f  m",  t h e  m a t r i x  of a b s o l u t e  va lues  of 
t h e  component d i f f e r e n c e s  of w" - w" i s  n X 1 . The p a r t i c u l a r  form 
of Eq. ( I V - 5 )  was chosen s i n c e  a v e c t o r  f u n c t i o n ,  s a y  A (w"), s a t i s f i e s  
a L i p s c h i t z  condi t ion  on w" i f  and only  i f  each of i t s  components 
A'  
Ai(wt ' , t)  does ,  S ince  t h e  c o n s t a n t s  may be  d i f f e r e n t ,  t h e  u s e  of t h e  
m a t r i x  of L i p s c h i t z  c o n s t a n t s  k can a f f o r d  a more p rec i se  bound than  
t h a t  u s u a l l y  provided b y  t h e  norni I (wf t  - w i l l  . 
A s  a consequence of ( I V - 5 )  one can immediately w r i t e  
( I V - 6 )  
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where from a p r i o r i  bounds on w ( t )  
1 Y(W1*, E) 1 5 W(C) 
Hence 
3 - mrl  - km" < E W - -  d t  
which is r e a d i l y  i n t e g r a t e d  t o  g i v e  
( IV- 7 )  
(IV-8) 
(IV-9) 
3 -1 
m" < m " ( 0 )  exp k t  + E Wk 
O < t < T ,  - -  t o b O  
[exp k t  - I ]  - - - - 
However, since it  was assumed t h a t  w"(0) = w"(O),  t h e  i n i t i a l  e r r o r  
m " ( 0 )  = 0 and 
A 
11 3 -1 = ]w" - w"1 < E Wk m [exp k t  - A -  - 
A t  t h i s  p o i n t ,  s e v e r a l  d i f f i c u l t i e s  of (IV-10) 
( IV-10)  I1 
can be poin ted  out .  
The bounds ( IV-10)  prove t o  be u n s a t i s f a c t o r y  f o r  Delaunay v a r i a b l e s  f o r  
1 
small  e c c e n t r i c i t y  and/or i n c l i n a t i o n  s i n c e  & c o n t a i n s  the  f a c t o r s  - e 
I and - . I f  w i s  taken to  be  t h e  H i l l  set z ,  t h e  z e r o  eccen t r i c -  s i n  i 
i t y  d i f f i c u l t y  i s  removed. Although t h e  z e r o  i n c l i n a t i o n  s i n g u l a r i t y  
remains,  f o r  many purposes the  H i l l  v a r i a b l e s  are a convenient se t  t o  u s e  
due to  t h e  r e l a t i v e l y  s i m p l e  express ions  f o r  t h e  p e r i o d i c  v a r i a t i o n s  of 
t h e  in-p lane  coord ina te s  ( s e e  Vagners, Ref. 10). Taking w t o  be  t h e  
/ Poincare  set  x,  s a t i s f a c t o r y  behavior  is as su red  f o r  both z e r o  eccent r ic -  
i t y  and i n c l i n a t i o n .  A much more s e r i o u s  d i f f i c u l t y  occurs  i f  one wishes 
t o  examine t h e  bounds f o r  time i n t e r v a l s  of t h e  o r d e r  1 / ~  . Expansion 
I 1  
of ( IV-10)  y i e l d s ,  f o r  small" time i n t e r v a l s  
3 -1 3 
E Wk [exp k t  - I ]  = E. W t  + E - - ( IV- 1 1 ) 
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However, f o r  time i n t e r v a l s  of o r d e r  1 / ~  , t h e  bound (IV-10) becomes 
very l a r g e  i . e . ,  behaves l i k e  exp 1 / ~  . 
Assuming now t h a t  rn" i s  a t  most O ( ~ ) ( i . e . ,  bound ( IV-10)  i s  
s a t i s f a c t o r y )  then one can complete t h e  a n a l y s i s  by i n c l u d i n g  t h e  p e r i o d i c  
terms. If t h i s  i s  done, t h e  t o t a l  approximate s o l u t i o n  of i n t e r e s t  h e r e  
i s  w r i t t e n  a s  
w = w0 + Er(w1) (IV-12) 
c A  
wi th  r(w") g i v i n g  t h e  f i r s t  o r d e r  p e r i o d i c  p a r t s  of w a s  d e f i n e d  by 
e q s .  (111-8) and (111-29) wi th  t h e  g e n e r a t i n g  f u n c t i o n s  cons idered  a s  
f u n c t i o n s  of  t h e  double  primed v a r i a b l e s .  Equations (111-32) can be  
A 
w r i t t e n  i n  the form 
2 w = w" + Er(wt') + E 5 (w", E) ( IV- 13 ) 
Since  Elr(w") - r ( w i )  1 
terms of t h e  s o l u t i o n  and rn" i s  O ( E ) ,  then  t h e  term c o n t r i b u t e s  e r r o r  
of second o rde r .  Thus t h e  e f f e c t  of t h e  l a s t  t w o  terms of (IV-14) can be 
combined i n t o  one second o r d e r  term E Z to  account  f o r  a l l  p e r i o d i c  
e r r o r s  of t h e  s o l u t i o n .  The e r r o r  bound f o r  "small" time i n t e r v a l s ,  
assuming exact  i n i t i a l  c o n d i t i o n s ,  assumes t h e  form 
g i v e s  t h e  e r r o r  i n  t h e  f i r s t  o r d e r  p e r i o d i c  
2 
(IV-15) 3 2 I W  - w 1 < E Wk-l - [exp - k t  - I ]  + E Z c -  
or, e f f e c t i v e l y ,  
2 (IV-16) E W t + E Z  
3 
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. 
The d i f f i c u l t y  of t h e  above bounds f o r  t - 1 / ~  is a d i r e c t  
consequence of t h e  e x i s t e n c e  of a r a p i d l y  r o t a t i n g  phase i n  t h e  dynamical 
system. In  t h e  t r ea tmen t  of s y s t e m s  wi th  r a p i d l y  r o t a t i n g  phases by t h e  
method of averaging ,  t h e  governing equa t ions  f o r  t h e s e  phases a r e  
cons ide red  s e p a r a t e l y .  The gene ra l  r e s u l t  ob ta ined  then  i s  t h a t  t h e  e r r o r  
i s  O ( E )  f o r  t - 1 / ~  r a t h e r  t h a n  O ( E  ) a s  one would expec t  from t h e  
t r u n c a t i o n s  performed i . e . ,  t r u n c a t i o n  of O ( E  ) p e r i o d i c  and O k 3 )  
s e c u l a r  terms. I n  t h e  fo l lowing ,  such s e p a r a t i o n  w i l l  be  e f f e c t e d  and, 
2 
2 
b y  appea l ing  t o  known i n t e g r a l s ,  t h e  bounds w i l l  be de r ived  f o r  a l l  
2 
v a r i a b l e s  to O ( E  f o r  t - 1 / ~  . 
B .  EXTENDED TIME ERROR BOUNDS 
/ The f o l l o w i n g  a n a l y s i s  w i l l  b e  c a r r i e d  o u t  f o r  t h e  Poincare  v a r i a b l e s  
e x p l i c i t l y  u t i l i z i n g  known r e s u l t s  f o r  t h e  Delaunay v a r i a b l e s  and t h e i r  
r a t e s .  The s e c u l a r  Hamiltonian was de f ined  from t h e  von Z e i p e l  procedure 
a s  be ing  a f u n c t i o n  of t h e  Delaunay momenta 
/ 
hence i n  t h e  Poincare  v a r i a b l e s  one writes 
PI1 only ( t o  second o r d e r ) ,  
- 
11 2 - 
x ( X t l , E )  = - + € (l)(X") + E '63 (x") - c3 cp(xl', E )  (IV-17) 
2 L112 
x (1) - V 4 R i  (3 f - 1) , H and G f u n c t i o n s  of x I 1  - 
where 4 L ~  I SG1v 3 
** 
(Eq. (111-5)) and CR (2) is  F of Brouwer cons idered  a s  a f u n c t i o n  
of x . ( E x p l i c i t  express ions  f o r  
f o r  any Jn 
Po inca re  v a r i a b l e s  if necessary . )  Equation (IV-17) can b e  r e w r i t t e n  more 
6% i n  terms of H i l l  v a r i a b l e s  11 
may be  found i n  Ref. 10, which could then be transformed t o  
/ 
conven ien t ly  a s  
( IV-18)  
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where 
/ The equat ions  f o r  t h e  Poincare  v a r i a b l e  r a t e s  become 
c o n t a i n  A" and 
wi th  
( I V - 1 9 )  
( I V - 2 0 )  
( I V - 2 1 )  
I f  The approximate v a r i a b l e s  x a r e  d e f i n e d  by  Eqs. ( I V - 2 0 )  and ( I V - 2 1 )  
with  (XI' , E )  
d i f f e r e n t i a l  equat ions f o r  7; and k y  : 
A 
se t  equal  t o  z e r o  and x"(0) = x"(0). Consider  f i r s t  t h e  A 
= E - (3 fj(Xtl, E) - E 3 *  
71 ; 
dS1 
( IV-22)  
R e c a l l  t h a t  ~ ( x " , E )  i s  given by Eq. ( I V - 1 9 )  so t h a t  wi th  
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a bounded q u a n t i t y ,  one o b t a i n s  
Hence 
(IV-2 3) 
(IV-24) 
The approximate s o l u t i o n  x" of i n t e r e s t  is g iven  b y  cp = 0 ,  thus  from 
t h e  boundedness of cp (and i t s  p a r t i a l  d e r i v a t i v e s )  
A 
H e r e ,  a s  w e l l  a s  i n  t h e  fo l lowing  d i scuss ion ,  t h e  extended t i m e  i n t e r v a l  
w i l l  be taken  a s  t - 1 / ~  so t h a t  
(IV-26) 
The r eade r  may p r e f e r  t o  th ink  of t h e  t i m e  i n t e r v a l  as de f ined  by 
n t  - 1 / ~  where n is  taken  to be t h e  ( s u i t a b l e )  mean motion. For  
mathematical  convenience,  t h e  d e f i n i t i o n  t - 1 / ~  w i l l  be  used. 
n 
Now, rewrite Eqs. (IV-23) a s  a s i n g l e  complex equat ion  ( j  = &): 
and t h e  approximate equat ions  a s  
(IV-27) 
s i n c e  
27 
( I V - 2 9 )  
From E q .  ( I V - 2 6 ) :  
and ( I V - 2 9 )  thus  becomes, with t h e  a i d  of an i n t e g r a t i n g  f a c t o r ,  
( I V - 3 0 )  
Then, s i n c e  t h e  r i g h t  hand s i d e  of ( I V - 3 0 )  i s  bounded, i t  f o l l o w s  t h a t  
( I V - 3 1 )  3 2 (5  E M 3 t  = E M t - 1/c I (&;I + j Av") 1 e-J ENIAt 3 
-jcN t 
bu t  ( e  1 A  I = 1 so 
2 + jAq" l  < E M~ , 1 -  ( I V - 3 2 )  
From s i m i l a r  arguments, i t  fo l lows  t h a t  f o r  s; and 7; 
+ jATl;l < E 2 M~ , t - 1 / ~  -
Also, from t h e  d i f f e r e n t i a l  Eq.  ( I V - 2 0 )  
( I V - 3 3 )  
( I V - 3 4 )  
The remaining c o o r d i n a t e  A'' causes  some d i f f i c u l t y ,  s i n c e  wi th  
2 1 L" - L i l  known t o  O ( E  1, a s t r a i g h t f o r w a r d  a n a l y s i s  of t h e  
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equa t ion  g i v e s  11'' - h;;l only  t o  O(E) f o r  t - 1 / ~  . I n  o r d e r  t o  
o b t a i n  bounds f o r  h" c o n s i s t e n t  wi th  t h o s e  of t h e  o t h e r  coord ina te s ,  
one must appea l  t o  t h e  knowledge of an e x a c t  i n t e g r a l  f o r  t h e  axi- 
symmetr ic  problem. In  e f f e c t ,  one can r e -de f ine  t h e  mean motion a s  
in t roduced  by Brouwer (Ref. 31, who wrote  
2 
n -  A C '  
LI3 0 
(IV-35) 
and hence, wi th  1, and lZ2 f u n c t i o n s  of L ' ,G" ,H on ly  
Reca l l  t h a t  Ct was de f ined  by Eq. (IV-ZO), which i n  a more e x p l i c i t  
form i s  given by 
(IV-37) 
L13 36 (2) 
- -  
52 - 2 dL" Y 
CI 
Define now a new c o n s t a n t  
I1 and a new mean motion" by 
w i t h  G" = G"(x") and H" = H"(X") 
- 9 
a bounded q u a n t i t y  
2 LIt2 
2 
CL 
A 
(R* = -63 
3 /2 
2 
L" 
n = p   ' (i) = % [ 1  - EklL" -' - E 26i* + ~ ~ c p ~ ]  3'2 (IV-39) 
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or expanding 
Thus 
(IV-41) 
a 
d L  ~ f i  i s  d e f i n e d  by (IV-41) w i t h  4 = 0 and Again, t h e  approximate 
9: = 0 . 
t h e  d e f i n i t i o n  of G": 
From t h e  exac t  known i n t e g r a l ,  H" = H i n  Eq. (IV-41) and from 
G" = L" - (IV-42) 2 
then  from Eqs. (IV-32) and (IV-34) 
(IV-43) 
so  t h a t  f i n a l l y  
I f  one i s  i n t e r e s t e d  i n  o r b i t s  w i t h  non-zero e c c e n t r i c i t y  and/or 
i n c l i n a t i o n  ( i . e . ,  e >> E ,  s i n  i >> E)  then  t h e  above a n a l y s i s  can be 
c a r r i e d  o u t  analogously for t h e  Delaunay and/or H i l l  v a r i a b l e s .  
p a r t i c u l a r ,  f o r  t h e  Delaunay v a r i a b l e s ,  t h e  r a p i d  phase is k?" and an  
equa t ion  s imilar  t o  (IV-41) (bu t  somewhat s i m p l e r  i n  form) r e s u l t s  for E " .  
D u e  t o  cho ice  of g and h a s  t h e  o t h e r  two c o o r d i n a t e s ,  t h e  E term 
of (IV-41) i s  found t o  d i s a p p e a r .  (Of cour se ,  t h e  f u n c t i o n s  62,a* and 
cp 
I n  
a r e  d i f f e r e n t  than f o r  t h e  P o i n c a r e ' v a r i a b l e s ) .  
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c. THE INITIALIZATION PROBLEM 
A t  t h i s  p o i n t  t h e  r e l evance  of t h e  above r e s u l t s  to  t h e  so-ca l led  
i n i t i a l i z a t i o n  problem may be  noted. 
( a r t i f i c i a l  s a t e l l i t e )  o r b i t  theory  a r e  o r b i t  de t e rmina t ion  by f i t t i n g  
to  o b s e r v a t i o n a l  d a t a  and o r b i t  p r e d i c t i o n  from some i n i t i a l  s t a t e  vec to r .  
I n  t h e  case of o r b i t  de t e rmina t ion ,  t h e  mean (double primed) v a r i a b l e s  
are ob ta ined  t o  h igh  accuracy  by f i t t i n g  t o  o b s e r v a t i o n a l  d a t a .  Th i s  
accu racy  depends on t h e  number and q u a l i t y  of t h e  d a t a  p o i n t s .  In  t h i s  
a p p l i c a t i o n ,  t h e  q u e s t i o n  of i n i t i a l  v a l u e  e r r o r s  does n o t  a r i s e .  
The two primary uses  of an a n a l y t i c  
The i n i t i a l i z a t i o n  problem may be de f ined  a s  fo l lows:  g iven  some 
i n i t i a l  r a d i u s  and v e l o c i t y  vec to r s ,  compute a s a t e l l i t e  ephemeris f o r  
some extended t i m e  i n t e r v a l  v i a  a n  a n a l y t i c  theory .  The i n i t i a l  r a d i u s  
and v e l o c i t y ,  and hence t h e  in s t an taneous  elements,  a r e  assumed to  be  
known e x a c t l y .  A n a l y t i c  t h e o r i e s  are u s u a l l y  formula ted  so t h a t  c e r t a i n  
c o n s t a n t s  of t h e  s o l u t i o n  a r e  mean elements,  f o r  example L' ,G" and H 
i n  t h e  Brouwer theo ry ,  i n s t e a d  of i n i t i a l  va lues .  Thus from t h e  known 
set  of i n s t an taneous  elements,  t h e  mean elements must be formed by 
s u b t r a c t i n g  o u t  t h e  p e r i o d i c  v a r i a t i o n s .  S ince  one i s  cons ide r ing  a f i r s t  
o r d e r  t heo ry ,  t h e  mean elements thus  de f ined  w i l l  be  i n  e r r o r  by 
I t  can be noted  h e r e  t h a t  a numerical i t e r a t i o n  procedure has  been app l i ed  
t o  t h e  de te rmining  equa t ions  (Cain Ref. 15, Arsenau l t ,  e t  a1  Ref. 11) 
which a r e  w r i t t e n  as 
0 ( c 2 ) .  
(*I 
Q = Q" - (P',Q) + S p  (P",B')I 
(IV-45) 
(*I 
(P',Q) + Set  (P",Q')] 
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Such a procedure can ,  of course ,  Only remove t h a t  second o r d e r  error 
t h a t  a r i s e s  from c o n s i d e r i n g  t h e  S f u n c t i o n s  t o  b e  f u n c t i o n s  of t h e  
in s t an taneous  elements  (P,Q), b u t  s t i l l  cannot  account f o r  t h e  t runca ted  
second o r d e r  terms. Thus from an accuracy  p o i n t  of view, such i t e r a t i o n  
3 
procedures a r e  of dubious va lue ,  s i n c e  a s  shown by E q .  ( I V - 3 7 )  (with E 
terms t runca ted )  t h e  error i n  1; , or e q u i v a l e n t l y  , w i l l  s t i l l  
grow a s  E t from t h e  z e r o  o r d e r  term. The o t h e r  v a r i a b l e s  of e i t h e r  
x" or y" do not  p r e s e n t  any problem s i n c e  t h e i r  r a t e s  a r e  e i t h e r  zero 
or m u l t i p l e s  of c ,  so  t h a t  an i n i t i a l  v a l u e  error of O ( E  ) w i l l  grow 
2 
2 
3 a s  E t g i v i n g  r e s u l t s  c o n s i s t e n t  w i th  t h e  expec ted  accuracy  of t h e  
t runca ted  theory.  
With t h e  a lgor i thm sugges ted  by t h e  a n a l y s i s  of s u b s e c t i o n  IV-B, 
t h e  i n i t i a l i z a t i o n  d i f f i c u l t y  can be  r e so lved .  A s  no ted ,  f o r  a l l  v a r i a b l e s  
except  t h e  r a p i d l y  r o t a t i n g  phase,  t h e  u s e  of mean elements  de f ined  by 
in s t an taneous  va lue  minus t h e  p e r i o d i c  terms (cons idered  a s  f u n c t i o n s  of 
t h e  in s t an taneous  elements)  w i l l  l e a d  t o  no d i f f i c u l t y .  The necessa ry  
i n i t i a l i z a t i o n  procedure f o r  L; i s  g iven  by E q s .  ( I V - 3 8 ) ,  (IV-39) 
and (IV-41). The numerical  va lue  of n i s  known e x a c t l y  from i n s t a n t a -  
A 
neous ;K: and the  remaining terms of (IV-41) have a t  l e a s t  an  E m u l t i p l i e r .  
For  t h e  Delaunay v a r i a b l e s ,  one rewrites E q .  ( I V - 3 6 )  w i th  n" t h e  mean 
bb motion de f ined  by 
(IV-46) 3 -1 
2 1  
2 
L' 
n" i' ' = 5 [I - E - k L' + t2b2] + 0 (e3) 
t so t h a t ,  wi th  use of energy 
3 
zL' F** . [See The e x p l i c i l  express ion  for &* is  i d e n t i c a l  t o  - t 
2 ~ 1 3  P 
- 2 Vagners (Ref. 10)  where i t  i s  given a s  [;L2 + F21 I. 
i-L 
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I ?  2 - -  k2L1-2] + c3 terms (IV-47)  
= 2 “2 8 1 L’ 
i n  which i n  the e2 
the  instantaneous elements.  The new mean motion n i s  again given by 
( I V - 3 8 )  and ( I V - 3 9 ) .  A l l  terms appearing the  brackets of (IV-47) are  
funct ions  already known from t h e  general theory. 
terms one replaces  the  double primed variables  with 
h 
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V.  THE ASYMMETRIC POTENTIAL FIELD 
I f  one inc ludes  t h e  long i tude  dependent terms ( t e s s e r a l  harmonics) 
i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l ,  some mod i f i ca t ions  t o  t h e  a n a l y s i s  of 
S e c t i o n  I V  a r e  necessary .  The a d d i t i o n a l  terms i n  t h e  Hamiltonian a r e  
n=2 m=O 
2 where J a r e  c o n s t a n t s  wi th  J - O(J2) 
n,m ‘n,m n1m 
-1 x = h + t a n  (cos i t an  u )  - w t 
83 
w t h e  angu la r  v e l o c i t y  of t h e  Ear th  
bi 
(Time is  measured from an  i n s t a n t  when t h e  r i g h t  a scens ion  of Greenwich 
i s  z e r o . )  
I n  t h i s  d i scuss ion ,  X T  w i l l  be  cons idered  f i r s t  a s  a f u n c t i o n  of t h e  
Delaunay v a r i a b l e s  
dependence, d e f i n e  a new canon ica l  v a r i a b l e  a s  
t o  H wi th  t h e  a s s o c i a t e d  Hamil tonian given by 
“CT (L,G,H,R,g,h - ua t ) .  To remove t h e  e x p l i c i t  t i m e  
h* = h - w t conjugate  
63 
where x now i s  t h e  o r i g i n a l  Hamiltonian i n c l u d i n g  both  zona l  and t e s s e r a l  
harmonic e f f e c t s .  S ince  t i m e  i s  no t  p re sen t  e x p l i c i t l y  i n  K ,  i t  is  a 
c o n s t a n t  of t h e  motion. 
Fol lowing the von Z e i p e l  procedure,  “removett a l l  of t h e  p e r i o d i c  p a r t s  
of t h e  extended Hamiltonian K v i a  a s u i t a b l e  g e n e r a t i n g  f u n c t i o n ,  
de f ined  he re  up to  second o r d e r  ( s i n c e  J c ~  i s  second o r d e r  i n  E) S O  
t h a t  t h e  new v a r i a b l e s  become 
34 
H = H ' + -  
dh* 
Equat ions s i m i l a r  t o  those  above hold f o r  t h e  o t h e r  v a r i a b l e s .  Note t h a t  
H now con ta ins  f l u c t u a t i o n s  but  t h a t  t h e s e  are of second o rde r .  A s  
be fo re ,  S ( l )  and S(2) a r e  chosen to cance l  a l l  zona l  shor t -per iod  
terms up to, and i nc lud ing ,  second o rde r .  Thus one i s  l e f t  w i th  (omi t t ing  
t h e  c3 f u n c t i o n  f o r  t h e  t i m e  being) 
where 
( a , e , i ) c o s ( k  a + k g + mh * + phase) 
3 ( p E + R T  = 1 1 1 Ak2klm 1 2 
k2 kl (V-5) 
i n  which % i nc ludes  a l l  terms with 
$ , and ET 
kl # 0,  t h e  shor t -per iod  p a r t  of 
Choose g ives  t h e  d a i l y  f l u c t u a t i o n s  from h* , kl = 0 . 
ST so t h a t  
- - XT 2 as, asT -A- + w  - -  
L' 3 aa @ ah* 
S t r i c t l y  speaking,  (V-6)  should be  w r i t t e n  a s  
* 
2 asT 3 ST . "T 
-A- + w - + (we - Q") - = 
EJ ah* ah*' 
i s  O ( E ) .  Solving by 2 31 however,(V-6) i s  a c c u r a t e  t o  O(E s i n c e  
35 
2 
i n s p e c t i o n ,  with n '  gL 3 
L' 
m A  
*' 
s i n ( k  1' + k g' + mh + phase) (V-8) 
k k m  
T = 1 1 1 k 1 n'-mu CB 1 2 
k2 kl 
In  E q .  (V-8) ( a s  w e l l  a s  (V-6)) one can use  t h e  primed v a r i a b l e s  or 
3 
i n s t a n t a n e o u s  v a r i a b l e s  wi th  O ( E  ) e r r o r .  C l e a r l y ,  t h e r e  e x i s t  o r b i t s  
f o r  which n '  i s  commensurable with w and hence a p a r t i c u l a r  
(kin' - mu ) goes t o  zero .  
ca ses  and w i l l  n o t  be cons idered  here .  I n t r o d u c t i o n  of ST i n  t h e  above 
manner l e a v e s  
@ 
These a r e  t h e  so -ca l l ed  t e s s e r a l  resonance 
CB 
3 
where t h e  e3  f u n c t i o n  i s  now inc luded ,  and i s  d i f f e r e n t  from t h e  E 
f u n c t i o n  of $' of t h e  axisymmetric problem. 
11 
The ins t an taneous  elements may be w r i t t e n  a s  a sum of t h e  secu la r ' '  
(double-primed) p a r t  and t h e  p e r i o d i c  p a r t s .  In  p a r t i c u l a r ,  wi th  H" a 
c o n s t a n t ,  
H = H " + H  + H  (V-10) 
S . P  M.P 
From (V-3) and (V-6) i t  f o l l o w s  t h a t  
ST 
w H " = w H + ~ y  -n'- 
CB @ a a  (V-11) 
t h u s ,  from (V-8) 
Combining (v-12) wi th  (V-5) one o b t a i n s  
36 
(V-13) 
mu 
63 cos(kl,k?' + k g' + mh *' + phase) 
= - 1 2 2 kin'-mw @ Ak 1 2  k m 2 
k2 kl 
t h e  constancy of K and x" to 2nd o rde r  i m p l i e s  (because of (V-11)) 
t h a t  
where 1 
A 
i n d e f i n i t e  i n t e g r a l ,  cons ider ing  on ly  a' and h* a s  t i m e  varying.  
d t  denotes  a s p e c i f i c  second order approximation t o  t h e  
T h i s  may b e  checked by forming 
sin(kl,8' + k g' + mh*' + phase) (V-15) 
2 
ax % 
at =at = 1 emu@ %lk2m 
k2 kl 
If one assumes t h a t ,  t o  t h e  o rde r  necessary  h e r e ,  
*' 
klJ' + mh = [kin' + mw ]t 
@ 
(V-16) 
then  conclus ion  (V-14) fo l lows .  
For  d i s c u s s i o n  of t h e  e r r o r  bounds, t h e  formalism of Sec t ion  I V  can 
b e  r e t a i n e d  t o  a l a r g e  ex ten t .  Due t o  t h e  absence of secular t e s s e r a l  
terms, on ly  t h e  cp f u n c t i o n  of t h e  s e c u l a r  Hamiltonian w i l l  change and 
hence t h e  bound on t h a t  t e r m  w i l l  be  d i f f e r e n t ,  I t  fo l lows  then ,  t h a t  
t h e  error bounds on x , w i t h  t h e  except ion  of A", a r e  de r ived  i n  
e x a c t l y  t h e  same manner a s  before  wi th  d i f f e r e n t  va lues  f o r  t h e  c o n s t a n t s  
Mi . The d e r i v a t i o n  of an e r r o r  bound on 1'' 
since f o r  t h e  asymmetrical  problem t h e  two s e p a r a t e  i n t e g r a l s  of energy 
?I 
is  no t  as  s imple  as b e f o r e ,  
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and p o l a r  component of angu la r  momentum no longe r  e x i s t .  
From t h e  extended Hamiltonian (V-14)  one f i n d s  
(V-17) 
+ E 6 2 ) - t 3 g  2 
3 
2 1  
I 2 
The o b j e c t  aga in  i s  t o  o b t a i n  an  expres s ion  f o r  % (1 - E - k L1-') 
a c c u r a t e  up t o ,  and i n c l u d i n g ,  second o rde r .  S ince  K i s  a c o n s t a n t  
L' 
so t h a t  
K?' = X - W@(H - H") 
From gene ra l  theory f o r  t i m e  dependent Hamiltonians 
and .-!E d t  = c o n s t a n t  
(V-18)  
(V-19)  
(V-20) 
(V-21)  
The c o n s t a n t  i s  r e l a t e d  t o  q u a n t i t y  X " ,  which i s  a l s o  a c o n s t a n t  t o  
second o r d e r  a s  de f ined  by t h e  von Z e i p e l  procedure.  I n  f a c t ,  i f  one 
chooses a p a r t i c u l a r  approximate e v a l u a t i o n  of t h e  i n d e f i n i t e  i n t e g r a l ,  
a s  i n  ( V - 1 4 1 ,  then 
x" =x- J ,  ax d t  07-22] 
Note t h a t  as def ined  by  ( V - 1 9 1 ,  
t h i r d  o r d e r  s e c u l a r  terms (from HI'). After times of o r d e r  1 / E  t h i s  
c o n s t i t u t e s  a n  e r r o r  i n  XI' of second o r d e r  secular and t h u s  f i n a l l y  t o  
x" i s  known on ly  t o  second o r d e r  wi th  
38 
. 
f i r s t  o r d e r  i n  A'' i f  L' is  de f ined  through E'' . Using t h e  r e l a t i o n  
(V-22) avo ids  t h i s  d i f f i c u l t y ,  s i n c e  i t  t u r n s  o u t  t h a t  t h e  t h i r d  o r d e r  
e v a l u a t i o n  of t h e  s p e c i f i c  i n t e g r a l  d w d t  d t  y i e l d s  terms t h a t  a r e  
s t i l l  t h i r d  o r d e r  after t 1 / ~ ,  wi th  tesseral resonance s i t u a t i o n s  s t i l l  
r u l e d  ou t .  Th i s  may be  v e r i f i e d  by cons ide r ing  t h e  f irst  o r d e r  v a r i a t i o n s  
of t h e  v a r i a b l e s  i n  d m t  and n o t i n g  t h a t  m f 0 i n  (V-15) .  
Next, d e f i n e  a s  be fo re  (with x" def ined  by (V-22)) 
It, = - x" 
2a 
and t h e  mean motion by 
L 
; = [ , . A ~ I ~  
(V-23) 
(V-24) 
and f i n a l l y ,  t h e  i" equat ion  
2 
2 . 
i " = n - ~ L  
LV3 
(V-26) 
* The approximate s o l u t i o n  is  aga in  de f ined  by (V-26) wi th  t h e  cp 
f u n c t i o n s  equal  t o  zero. The argument for o b t a i n i n g  t h e  e r r o r  estimate 
follows as before .  
The a lgor i thm f o r  computing t h e  c o r r e c t  i n i t i a l  va lue  of t h e  mean 
1 d3G/dt d t  . motion n now invo lves  t h e  eva lua t ion  of t h e  i n t e g r a l  
Th i s  may be  done by a s u i t a b l e  expansion on e c c e n t r i c i t y ;  one such 
N 
A 
e v a l u a t i o n  is g iven  i n  t h e  Appendix. 
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V I .  NUMERICAL VERIFICATION 
Equation (V-26) then  provides an  a lgo r i thm f o r  computing t h e  c o r r e c t  
i n i t i a l  cond i t ions  ( t o  t h e  o r d e r  of accuracy demanded by t h e  gene ra l  
s o l u t i o n )  i n  the  c a s e  when t h e  t o t a l  p o t e n t i a l  of t h e  Ea r th  is  taken  i n t o  
account.  The a lgor i thm inc ludes  t h e  ( s u i t a b l e )  e v a l u a t i o n  of t h e  
i n d e f i n i t e  i n t e g r a l  
v e r i f i c a t i o n  of t h e  g e n e r a l  accuracy theory  of S e c t i o n  V . The e x p l i c i t  
2 d t  . I t  is of i n t e re s t  t o  o b t a i n  numerical 
r 
d t  has been de r ived  ea r l i e r  by Vagners (Ref. 1 6 ) ,  
exp res s ion  f o r  l %  
and was subsequent ly  inco rpora t ed  i n t o  t h e  Lockheed Closed Form O r b i t  
Determination Program (Ref. 17). This  program u t i l i z e s  a complete f i r s t  
o r d e r  a n a l y t i c  s o l u t i o n  t h a t  i s  equ iva len t  t o  t h e  extended Brouwer s o l u t i o n .  
(The extended Brouwer s o l u t i o n  i s  taken t o  i n c l u d e  J2 shor t -pe r iod ,  
Ji and gene ra l  JN long-period, J 
a l l  second o r d e r  s e c u l a r  e f f e c t s  no t  account ing  f o r  t e s s e r a l  resonances 
c . f  . Giacagl ia  (Ref. 181, and Garf inke l  (Ref. 19) .) The Lockheed s o l u t i o n  
medium pe r iod  ( d a i l y )  e f f e c t s  and 
n,m 
i s  due t o  Small ,  (Ref. 121, and Vagners, (Ref. 1 6 ) .  
S ince  t h e  e r r o r  i n  t h e  mean anomaly (or e q u i v a l e n t l y  A") is  d i r e c t l y  
r e l a t e d  t o  in - t r ack  p o s i t i o n  e r r o r ,  t h e  s i m p l e s t  t es t  of o v e r a l l  accuracy 
i s  t o  compare the i n - t r a c k ,  c ros s - t r ack  and r a d i a l  p o s i t i o n s  a s  p r e d i c t e d  
by  t h e  a n a l y t i c  s o l u t i o n  and numerical  i n t e g r a t i o n  of c o o r d i n a t e s .  S ince  
t h e  time i n t e r v a l s  of i n t e r e s t  a r e  of t h e  o r d e r  1 / ~  , t h e  comparison was 
performed ove r  a seven day i n t e r v a l .  The test  o r b i t  was of 2000 n a u t i c a l  
m i l e  a l t i t u d e  and c i r c u l a r .  For such an o r b i t ,  n o t  i n c l u d i n g  t h e  r e s u l t s  
of Sec t ion  V (roughly a 200 f o o t  e r r o r  i n  t h e  semi-major a x i s )  r e s u l t e d  
I t  i n  a 200 m i l e  i n - t r ack  e r r o r * .  A f t e r  tuning" t h e  mean motion wi th  t h e  
f The comparison s tudy  was c a r r i e d  o u t  t o  de t e rmine  t h e  e f f e c t s  of i nc lu -  
s i o n  ( o r  omissiod of t e s s e r a l  harmonic s h o r t  p e r i o d  terms i n  t h e  semi- 
major a x i s .  
t he  axisymmetric problem. 
The energy had a l r e a d y  been i n c o r p o r a t e d  i n  t h e  f o r m u l a t i o n  of 
40 
energy, t h e  s e c u l a r  e r r o r  was decreased t o  900 f e e t ,  which is  an  o r d e r  E: 
dec rease  a s  demonstrated by t h e  theory  of Sec t ion  V. The comparison is  
shown i n  Fig. 1, where i t  can be seen  t h a t  t h e  p e r i o d i c  e r r o r s  and t h e  
s e c u l a r  e r r o r  a r e  now of t h e  same o r d e r  of magnitude i . e . ,  O ( E  1. The 
c ross - t r ack  and r a d i a l  e r r o r s  a r e  p e r i o d i c  and have ampli tudes of 
f e e t  and f 350 f e e t ,  r e s p e c t i v e l y ,  f o r  t h e  comparison o r b i t .  
2 
f 120 
41 
V I 1  . CONCLUDING REMARKS 
I n  t h e  previous s e c t i o n s  e r r o r  bounds were de r ived  s p e c i f i c a l l y  f o r  
t h e  Brouwer procedure u s i n g  t h e  Poincare’var iab les .  
theory ,  an  a lgor i thm was de r ived  f o r  t h e  c o r r e c t  computation of t h e  
i n i t i a l  cond i t ions  f o r  t h e  Brouwer theory .  I t  is then  of i n t e r e s t  t o  
n o t e  t h e  re levance  of t h e  r e s u l t s  of t h i s  paper t o  o t h e r  o r b i t  t h e o r i e s ,  
and a l s o  t o  p re sen t  t h e  computation of coord ina te s  from t h e  Poincare’ 
e 1 emen t s . 
From t h e  gene ra l  
I n s o f a r  a s  t h e  f i r s t  item i s  concerned, e x a c t l y  e q u i v a l e n t  e r r o r s  a r e  
t o  be expected from any complete f i r s t  o r d e r  theory  provided t h a t  c a r e  i s  
taken  i n  e s t a b l i s h i n g  t h e  c o r r e c t  mean elements f o r  t h a t  t heo ry .  A 
complete f i r s t  o r d e r  theory  i s  de f ined  a s  one t h a t  i n c l u d e s  t h e  f i r s t  
o r d e r  p e r i o d i c  and second o r d e r  s e c u l a r  i n f l u e n c e s  of any harmonic. T h i s  
d i s t i n c t i o n  i s  necessary  i f  one wishes t o  compare t h e o r i e s  f o r  p r e d i c t i o n  
of o r b i t s  from a f i t  t o  o b s e r v a t i o n a l  da t a  o r  f o r  p r e d i c t i o n  from an 
i n i t i a l  s t a t e  vec to r ,  i . e .  t h e  i n i t i a l  va lue  problem. For  example, t h e  
t h e o r i e s  of Kyner (Ref. l), P e t t y  and Breakwell (Ref. 211, i n c l u d i n g  a 
time equa t ion  c a r r i e d  on ly  t o  f i r s t  o r d e r  s e c u l a r  te rms ,  would g i v e  
s a t i s f a c t o r y  r e s u l t s  i f  a p p l i e d  t o  o r b i t  p r e d i c t i o n  from a f i t  t o  d a t a .  
However, f o r  the  i n i t i a l  v a l u e  problem, t h e s e  t h e o r i e s  would prove 
u n s a t i s f a c t o r y  (g iv ing  E e r r o r s  f o r  time t - l/~). The l a t t e r  
d i f f i c u l t y  could b e  remedied if t h e  t i m e  e q u a t i o n s  ( o r  i t s  e q u i v a l e n t )  
would be c a r r i e d  o u t  t o  i n c l u d e  second o r d e r  s e c u l a r  e f f e c t s  and an 
energy a lgor i thm used t o  c a l i b r a t e  t h e  mean motion. The theo ry  of Small 
(Ref. 1 2 ,  Ref. 16) i s  a complete f i r s t  o r d e r  t heo ry  and i n c l u d e s  t h e  
c o r r e c t  a lgor i thm f o r  computation of i n i t i a l  c o n d i t i o n s .  
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With more or less d i f f i c u l t y ,  any theory  appea r ing  i n  t h e  l i t e r a t u r e  
may be  analyzed i n  a manner analogous t o  t h a t  g iven  i n  t h i s  paper and 
e q u i v a l e n t  r e s u l t s  ob ta ined .  In each case, t h e  energy w i l l  have t o  b e  
used t o  e s t a b l i s h  t h e  mean motion ( o r  t h e  c o n s t a n t  r a t e  of t h e  f a s t  
v a r i a b l e )  t o  second o r d e r ,  un le s s  complete second o r d e r  p e r i o d i c  
expres s ions  f o r  t h e  semi-major a x i s  a r e  a v a i l a b l e .  The q u e s t i o n s  of 
e r r o r  bounds become more d i f f i c u l t  i f  one admits  o r b i t s  a t  c r i t i c a l  
i n c l i n a t i o n  and/or o r b i t s  a t  resonance wi th  t h e  t e s s e r a l  harmonics. Such 
o r b i t s  a r e  excluded from t h e  genera l  c l a s s  i n v e s t i g a t e d  i n  t h i s  r e p o r t  
and remain t h e  t o p i c  of f u t u r e  i n v e s t i g a t i o n s .  
The l a s t  po in t  t o  cons ider  i s  t h e  computation of t h e  coord ina te s  
from t h e  Poincar; e lements  i n  which most of t h e  theory  of t h i s  p a p e r  was 
developed. In  terms of convent ional  o r b i t  e lements  , 
2 
where M is t h e  mean anomaly and p = a ( l  - e 1. The remaining elements 
w e r e  de f ined  i n  Sec t ion  111, Eq. (111-1). Known t h e  t i m e  t one can 
f i n d  h,E q 6 q and L, then  compute 1' 1' 2' 2 4 
4L e cos(w + a) = - 
6 1  
L B e s i n ( u  + R) = - 
( V I  1-2 
An i t e r a t i v e  procedure y i e l d s  A, e cos f ,  e s i n  f de f ined  by 
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t a n  -1 (e  s i n  f 1  
1 +J1-e2 + ( e  cos f> 
-(e s i n  f l n  ’ 
n = 2  n + (VII-3) 
1 + (e cos f )  
n n 
n 
(e C O S  f )  = (e C O S ( W  + Q ) )  C O S  (1 + An) + (e s i n ( w  + Q))sin(X + An) n+l 
(e s i n  f )n+l  = ( e  COS(W + QJ) s i n  (1 + An) - (e s in(w + Q ) ) c o s ( x  + An) 
2 
5;  + 71 
2 L  
where d z  = 1 - 
So t h a t  t h e  r a d i u s  i s  given by 
2 
L5I2(1  - e (VI 1-41 
D r =  
and t h e  C a r t e s i a n  c o o r d i n a t e s  x,y,z by 
2 3  2 2 2 ~ ~ ’ ~ ( 1  - e [k2v2  COS(^ + a> + ( 2 ~  - g 1  - v1 - v21 s i n  (x + dl 
2 D  Y ’  
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APPENDIX 
E x p l i c i t  Evalua t ion  of s, % d t  
For  the e v a l u a t i o n  of t h e  i n i t i a l  va lue  problem, t h e  i n d e f i n i t e  
i n t e g r a l  
f u n c t i o n  ST must be found. I t  w i l l  be assumed h e r e  t h a t  t h e  in tegrand  
i s  given by (V-15) and t h e  i n t e g r a t i o n  w i l l  b e  c a r r i e d  o u t  i n  convent ional  
3 dt must b e  eva lua ted  o r ,  e q u i v a l e n t l y ,  t h e  gene ra t ing  
v a r i a b l e s .  
The fo l lowing  expres s ions  prove use fu l :  
L 
where 
where 
f o r  n-m odd F 
5 
m- s S S m 
cos u s i n  u cos i 
m (- 1) An,,) = cos 6 
cos m ( k  - 
s=o 
s i n  m(h* - A*)] * * [yl cos m(h - A 1 + y 2 
i f  s is even; Y1 = 1, Y2 = 0 
i f  s is  odd; Y1 = 0, Y2 = 1 
2 
wi th  CY. t h e  r i g h t  ascens ion  of 
Greenwich a t  a base  t i m e  
* 
A. = CY.o + An,, 0 
to  
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n+l  P P 1 e 
n+l  
q=o 
r p=o 
k and j 
1 1 ( t )  (:) 2j+k (- l ) j  c o s ( j  + k - 2 c  - 2d)u j s i n  u cos  u = 
c=O d=O 
(A- 4 + 6 s i n ( j  + k - 2 c  - 2d)u]  2 
where 
i f  j i s  even; 61 = 1, 6 = 0 2 j + c + j / 2  
a =  { 
j + c + i f  j i s  odd; h1 = 0 ,  6 = 1 I 2 2 
A t  t h i s  po in t ,  t h e  assumptions under which lA E d t  w i l l  be 
i n t e g r a t e d  may be s t a t e d .  The i n c l i n a t i o n  a n g l e  i and t h e  e c c e n t r i c i t y  
e w i l l  be taken a s  c o n s t a n t s .  S ince  no a p p r e c i a b l e  d i f f i c u l t y  i s  i n c u r r e d  
thereby ,  t h e  fo l lowing  w i l l  be adopted 
w = w + w ' u  
0 
wi th  
2 
w'  = 3 E( >) (2 - 5/2 s i n  2 i )  
2 
2 
= - z E  ( 2 )  cos i 
2 
(A-5) 
The l a s t  item i s  t h e  c e n t r a l  angle-time r e l a t i o n s h i p .  S ince  t h e  in t eg rand  
i s  ( eSSen t i a l ly )  now a f u n c t i o n  of u ,  one would p r e f e r  t o  i n t e g r a t e  
w i t h  r e s p e c t  t o  u .  To t h e  f i r s t  approximation 
2 du = d t  + O ( e E  (A-6) 
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f 
so t h a t  t h e  c o n t r i b u t i o n  of t h e  J t e r m  i s  given by n,m 
n-m-Z(+s m - s  
E J s i n  u cos  u [yl s i n  m(h* - A*) - y2 cos m(h* - h*) ] x 
n,m 
with* 
n-m-21 
S P e x cos i s i n  i 
* * - 
or  wi th  h = h - , 
cos(p - 2q)(u - w)[yl s i n  mi; - y cos  mg][€il c o s ( j  + k - 2c  - 2d)u E* n,m s 2 
w i t h  
then  l e t  
so t h a t  t h e  in t eg rand  becomes 
* If one prefers, the  F and G f u n c t i o n s  of Kaula,  Ref.  22 ,  may be  
used i n s t e a d .  
c o s ( B o  + B1u)[S1 cos B u + 62 s i n  B2u][Y1 s i n ( B  + B4u) - 2 3 
(A- 8 
s 
y 2 c o s ( B 3  + B 4 u ) ] d u  
T h e  fo l lowing  non-zero combinations a r i se  i n  t h e  a b o v e  i n t e g r a l :  
cos (Bo  + B u )  cos B u s i n ( B 3  + B u ) d u  I =  1 J 1 2 4 
c o s ( B o  + B u)  COS B u c o s ( B 3  + B4u)du 
1 2 = -  J’ 1 2 
(A-9) 
c o s ( B o  + B u )  s i n  B u s i n ( B  + B u ) d u  1 2 3 4 
c o s ( B  + B u )  s i n  B u c o s ( B  + B4u)du 1 2 2 I4 = - 
w h i c h  can a l l  be e v a l u a t e d  e x p l i c i t l y  t o  g i v e  
WS[B -B +(B +B -B ) u ]  1 
c o s [ B  -B +(B +B -B )u] + -B +B 0 3  2 1 4  1 4 2  3 0  2 4 1  
I ~ ~ S [ B ~ + B ~ + ( B  +B +  > u ]  2 4 1  c o s [ B  +B +(B +B -B > u ]  - B4+B1+B2 3 0  1 4 2  + B -B -B 2 4 1  
s i n [ B  +B +(B +B +B4)u]  3 0  1 2  s in [B  +B +(B +B -B 1.1 - B4+B1+B2 - B -B -B 3 0  1 4 2  
2 4 1  
s i n [ B  -B +(B +B -B ) u ]  
B -B +B 0 3  2 1 4  s i n [ B  -B +(B +B -B > u ]  + 
2 4 1  3 0  2 4 1  
s i n [ B o + B  +(B +B -B > U ]  - 1 s i n [ B  +B +(B +B4+B1)uI 3 0  2 +B +B 
4 1 2  
- 
B -B -B 3 1 4 2  2 4 1  
C O S [ B ~ - B  3 +(B  2 1 4  +B -B > u ]  + B -B +B COS [ Bo+B3+(B1+B4-B2) u I +  1 - 
4 2 1  I 4  - 
I 51 
. 
I cos[B -B +(B +B -B 1.1 - cos[B +B +(B +B +B )u]  + B -B -B 3 0  2 4 1  B4+B +B2 3 0  2 4 1  1 4 2  
In t h e  express ions  of Ref. 16, i t  was assumed t h a t  i , w , R  and r 
were c o n s t a n t s  and i n  t h e  test c a s e  t h e  o r b i t  was c i r c u l a r .  The exten- 
s i o n s  of t h e  above development cause  no d i f f i c u l t y  o t h e r  than  i n c r e a s i n g  
the  number of terms. However, any improvement of accuracy f o r  non-zero 
e c c e n t r i c i t y  o r b i t s  is  d i f f i c u l t  t o  a s s e s s  due t o  t h e  approximation of 
Eq. (A-6). I n  order t o  d e f i n e  t he  error remaining a s  of o r d e r  e E 
one must inc lude  t h e  e terms i n  (A-6). 
2 2  
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